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a b s t r a c t
In this article we present a numerical algorithm in a finite difference method coupled with
the Schwartz distribution on a surface and its application to 2D simulation of a temperature
inversion inmeteorology. This phenomenonhas beenobserved inKyoto in Japan frequently
and one of the reasons why the inversion occurs is the radiative cooling on the ground.
In order to describe it in a mathematical model, we introduce transmission conditions on
the ground and show its distribution formula. The characteristics of our numerical method
are based on the direct method and the finite difference approximation of the Schwartz
distribution defined on the ground. Through our discussion, a numerical experiment for
the inversion of the temperature gradient is presented.
© 2008 Elsevier B.V. All rights reserved.
1. Introduction
The purpose of this article is to present a numerical algorithm in a finite difference method coupled with the Schwartz
distribution on a surface and its application to 2D simulation of a temperature inversion in two-dimensional space with
respect to the horizon and the height. Usually, the vertical temperature decreaseswith height and the accepted average value
is 6.5 ◦C per 1000m. However the inversion of the vertical temperature gradient is observed frequently at the northern part
of Kyoto in Japan. This situationmeans that there are a layer of cool air near the ground and a layer ofwarmer air above it. And
one of the reasons that this phenomenon occurs is due to radiating heat away rapidly on a clear night. As for the study of this
phenomenon, there were many works many years ago (for examples, [1,9,11]) and these works were mainly the numerical
experiments of the surface inversion layer formed by radiative cooling and other meteorological conditions (see Fig. 1).
In this paper we shall consider a process of an appearance of the surface inversion layer and its disappearance as an
application of the distribution algorithm based on domain embedding methods. Then the transmission conditions play
very important role on the ground (Refs. [7,2]). And we shall introduce a finite difference approximation of the Schwartz
distribution defined on the ground.
The content of this article is as follows: In Section 2 we shall formulate a mathematical model for the temperature
inversion. The distribution formulation of the above model will be given in Section 3. In Section 4 we shall describe a finite
difference approximation of the distribution formulation and finally, in Section 5, we shall show four scenes of the numerical
animation made by use of OpenGL (Refs. [5,10]).
2. A mathematical model for temperature inversions
In this section we show a mathematical model of the temperature inversion and transmission conditions. It consists
of two parabolic equations in the air region and the underground region to analyse the atmospheric temperature near
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Fig. 1. Temperature inversion.
Fig. 2. Mathematical model.
the ground which is influenced by the radiative cooling. The geometrical situation is as follows (cf. Fig. 2). Let Γ0 denote
the ground. The underground and the atmosphere occupy Ω1 and Ω2 respectively. And set ΓG = Γ3 ∪ Γ11 ∪ Γ21,
ΓA = Γ4 ∪ Γ12 ∪ Γ22.
Moreover let {u1, u2} and {1, 2} be the temperature and the dispersion ratio in the underground region and the air
region, respectively. 0 ≤ λ(x, y) ≤ 1 . ν denotes the unit normal vector on Γ0 directed from Ω1 to Ω2. n also denotes the
unit outer normal vector on ΓG and ΓA. q, gi and fi(i = 1, 2) are given data. Then our mathematical model is as follows.
∂u1
∂t
= 1∆u1 in (0, T )×Ω1
∂u2
∂t
= 2∆u2 in (0, T )×Ω2
u1 = u2, 1 ∂u1
∂ν
− 2 ∂u2
∂ν
= q(t) on (0, T )× Γ0
λu1 + (1− λ)∂u1
∂n
= g1 on (0, T )× ΓG
λu2 + (1− λ)∂u2
∂n
= g2 on (0, T )× ΓA
u1(0, x, y) = f1(x, y) inΩ1, u2(0, x, y) = f2(x, y) inΩ2.
(1)
Remark 1. We introduced the following transmission conditions (2) to represent the radiative cooling on the ground Γ0;
u1 = u2 on (0, T )× Γ0, 1 ∂u1
∂ν
− 2 ∂u2
∂ν
= q(t) on (0, T )× Γ0. (2)
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Remark 2 (The Transmission Conditions and the Steklov–Poincare Operator). Since u1 = u2 by (2), set u1 = u2 = β on
(0, T )×Γ0 introducing an unknown functionβ . We then get the solution ui(β) for eachβ (i = 1, 2) satisfying two equations
∂u1(β)
∂t
= 1∆u1(β) in (0, T )×Ω1
λu1(β)+ (1− λ)∂u1(β)
∂ν
= g1 on (0, T )× ΓG
u1 = β on (0, T )× Γ0
u1(0, x, y) = f1(x, y) in Ω1
(3)
and 
∂u2(β)
∂t
= 2∆u2(β) in (0, T )×Ω2
λu2(β)+ (1− λ)∂u2(β)
∂ν
= g2 on (0, T )× ΓA
u2 = β on (0, T )× Γ0
u2(0, x, y) = f2(x, y) inΩ2.
(4)
To establish the solution of the mathematical model (1), it is necessary to find β satisfying
1
∂u1(β)
∂ν
− 2 ∂u2(β)
∂ν
= q(t) on (0, T )× Γ0. (5)
Using the Steklov–Poincare operator T defined by
T : L2(0, T ;H1/2(Γ )) 3 β → 1 ∂u1(β)
∂ν
− 2 ∂u2(β)
∂ν
∈ L2(0, T ;H−1/2(Γ )),
the solution of the mathematical model (1) is equivalent to find β satisfying
Tβ = q. (6)
This technique is slightly complicated but the distribution argument we show here is more easier to construct the
approximate solution of the mathematical model (1) by the finite difference method.
3. Disitribution formulation of Mathematical model (1)
We now proceed the distribution formula for the mathematical model (1) by use of the Schwartz distribution. Let us
define the discontinues function a(x, y) by
a(x, y) = 1χ(Ω1)+ 2χ(Ω2) (7)
where χ(Ω)means the characteristic function of the domainΩ .
It then follows that for u ∈ H2(Ω1) ∩ H2(Ω2) and u ∈ H1(Ω1 ∪ Γ0 ∪Ω2),
div (a(x, y)∇u) = a(x, y)∆u+
(
a(Γ0+)
∂u2
∂ν
− a(Γ0−) ∂u1
∂ν
)
δΓ0
= a(x, y)∆u+
(
2
∂u2
∂ν
− 1 ∂u1
∂ν
)
δΓ0 (8)
holds in the sense of the Schwartz distribution (Refs. [4,8,6]).
Here δΓ0 denotes the Dirac distribution on Γ0.
Using the transmission condition (2), we get
div (a(x, y)∇u) = a(x, y)∆u− q(t) δΓ0
Therefore the distribution formulation of (1) is as follows:
Distribution formulation Let V = H1(Π)whereΠ = Ω1 ∪ Γ0 ∪Ω2. Find u ∈ L2(0, T ; V ) satisfying
∂u
∂t
= div(a(x, y)∇u)+ q(t) δΓ0 in (0, T )×Π
λu+ (1− λ) ∂u
∂ν
= g on (0, T )× (ΓG ∪ ΓA)
u(0, x, y) = f (x, y) inΠ
(9)
where g = g1 on (0, T )× ΓG and g2 on (0, T )× ΓA. f (x, y) = f1(x, y)χ(Ω1)+ f2(x, y)χ(Ω2)
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Fig. 3. Temperature scale (◦C).
Remark 3. There is a unique solution u ∈ L2(0, T ; V ) satisfying (9).
In fact, using the facts that δΓ0 is defined by
V ′ < δΓ0 , φ >V =
∫
Γ0
φ dS for any test function φ
and the trace theorem (Ref. [8]), we get q(t) δΓ0 ∈ L2(0, T ; V ′). Hence the above statement holds from the theorem (Ref.
Theorem 2.1 in [7]).
4. Distribution algorithm in finite difference method
In this section we consider the finite difference scheme for the distribution formula (9). We use here the following
notations (Ref. [3]). Let Π be the unit square in R2, i.e., Π = {(x, y)|0 < x, y < 1}. Let h ∈ R be a mesh size such that
h = 1/M for an integerM and set∆x = ∆y = h. We associate with it the set of the grid points:
Πh = {Pi,j ∈ R2|Pi,j = (i h, j h), 0 ≤ i, j ≤ M},
Πh = {Pi,j ∈ R2|Pi,j = (i h, j h), 1 ≤ i, j ≤ M − 1}.
With each grid point Pi,j ofΠh, we associate the panel ω0i, j with centre Pi,j:
ω0i,j ≡ ((i− 1/2)h, (i+ 1/2)h]× ((j− 1/2)h, (j+ 1/2)h] , (10)
and the cross ω1i,j with centre Pi,j:
ω1i,j = ω0i+1/2,j ∪ ω0i−1/2,j ∪ ω0i,j+1/2 ∪ ω0i,j−1/2 (11)
where ei denotes the i th unit vector in R2 and we set
ω0i±1/2,j = ω0i,j ±
h
2
e1, ω0i,j±1/2 = ω0i,j ±
h
2
e2. (12)
We now proceed to construct the finite difference scheme. Using the datum in (1), we define the following.

aEi,j =
1
∆x∆y
∫
ω0i+1/2,j
a(x, y)dxdy, aWi,j =
1
∆x∆y
∫
ω0i−1/2,j
a(x, y)dxdy,
aNi,j =
1
∆x∆y
∫
ω0i,j+1/2
a(x, y)dxdy, aSi,j =
1
∆x∆y
∫
ω0i,j−1/2
a(x, y)dxdy,
fi,j = 1
∆x∆y
∫
ω0i,j
f (x, y)dxdy, qi,j(t) = 1
∆li,j
∫
Γ∩ω0i,j
q(t, x, y)dσ ,
∆li,j =
∫
Γ∩ω0i,j
dσ .
(13)
Finite difference scheme with distribution. We shall define the finite difference scheme for Distribution formulation (9) as
follows. Let uni,j denote an approximation of u(tn, xi, yj) and set q
n
i,j = qi,j(tn).
(i) Implicit finite difference scheme of the distribution formulation;
uni,j − un−1i,j
∆t
= 1
∆x
(
aEi,j
uni+1,j − uni,j
∆x
− aWi,j
uni,j − uni−1,j
∆x
)
+ 1
∆y
(
aNi,j
uni,j+1 − uni,j
∆y
− aSi,j
uni,j − uni,j−1
∆y
)
+ ∆li,j
∆x∆y
qni,j, 1 ≤ i, j ≤ M − 1. (14)
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Fig. 4. t = 0. Initial temperature (the normal situation).
Fig. 5. t = 0.2. Effect of the radiative cooling on the ground (Surface temperature rapidly decreases).
(ii) Finite difference of the boundary condition;
λun0,j − (1− λ)
un1,j − un−1,j
2∆x
= gn(0, jh) for 1 ≤ j ≤ M − 1, n ≥ 0,
λunM,j + (1− λ)
unM+1,j − unM−1,j
2∆x
= gn(1, jh) for 1 ≤ j ≤ M − 1, n ≥ 0
λuni,0 − (1− λ)
uni,1 − uni,−1
2∆y
= gn(ih, 0) for 1 ≤ i ≤ M − 1, n ≥ 0,
λuni,M + (1− λ)
uni,M+1 − uni,M−1
2∆y
= gn(ih, 1) for 1 ≤ i ≤ M − 1, n ≥ 0
(15)
Remark 4. The finite difference form of the distribution q(t)δΓ0 in Distribution formulation (9) is of the form
M−1∑
i,j=1
∆li,j
∆x∆y
qni,jχ(ω
0
i,j)
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Fig. 6. t = 0.6. Temperature inversion (A layer of warmer air forms between two layers of cooler air.).
Fig. 7. t = 1.0. To the normal situation (Disappearance of temperature inversion.).
and
M−1∑
i,j=1
∆li,j
∆x∆y
qni,jχ(ω
0
i,j)→ q · δΓ0 as∆x,∆y→ 0
in the sense of distribution (Ref. Theorem 3 in [5]).
5. Numerical simulation
Wenow go back to the numerical scheme (14) and compute it for the casewhere 1 = 0.5, 2 = 0.1, q(t) = 1−5t, λ1 =
1 on ΓG, λ2 = 0.5 on ΓA, g1 = 10 on ΓG and g2 = 0 on ΓA. We assume here that the initial temperature is 15 ◦C on the
ground Γ0. Using the numerical results we make an animation by use of OpenGL, fromwhich following Figs. 4–7 are picked
up (see Fig. 3).
We show the atmospheric temperature in (x, y) (A) and vertical temperature (B).
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